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Model-driven deep learning
—— differentiable programming



Background



• Deep learning: a standard data-driven method,

which uses networks as a black box to rely on

large amounts of data to solve problems

• Model-driven method: forms a cost function

from the goal, mechanism and a prior, and then

solve problems by minimizing the cost function

Model-driven deep learning 

(differentiable programming): 

treats neural network as a language
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Feature extraction

GAN

Input as feature vector

(clustering)

Black box, only data-driven

Data pre-processing

Gradient-based 

optimization (CNN)
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Model-driven deep learning — try to transform traditional 

machine learning methods into equivalent neural networks

Model-driven

• Strong interpretability of traditional methods

• Superior fitting capabilities of deep neural networks



The general procedure of model-driven deep learning[1]:

• Construct a model family based on the task backgrounds

• Design an algorithm family for solving the model family, and 

establish the corresponding convergence theory

• The algorithm family is unfolded to a deep network with which 

parameter learning is performed as a deep leaning approach

Algorithm familyModel family Deep network

[1] Xu Z, Sun J. Model-driven deep-learning [J]. National Science Review, 2018, 5(1): 22-24.
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Sparse coding:

For a given input vector 𝑿 ∈ 𝑅𝑛, to find the optimal sparse

code vector 𝒁∗ ∈ 𝑅𝑚 (𝑚 > 𝑛) that minimizes an energy

function that combines the square reconstruction error and

an 𝑙1 sparsity penalty on the code:

𝒁∗ = argmin
𝒁

1

2
||𝑿 −𝑾𝑑𝒁||2

2 + 𝛼||𝒁||1

where 𝑾𝑑 denotes an 𝑛 ×𝑚 dictionary matrix.



ISTA algorithm[1]:

[1] I. Daubechies, M. Defrise, and C. D. Mol, An iterative thresholding algorithm for linear inverse

problems with a sparsity constraint, Comm. Pure Appl. Math., 57 (2004), pp. 1413–1457.
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𝜃 = Τα L

𝒁 𝑘+1 = ℎ𝜃 𝑾𝑒𝑿 + 𝑺𝒁 𝑘



ISTA block diagram: 𝒁 𝑘+1 = ℎ𝜃 𝑾𝑒𝑿 + 𝑺𝒁 𝑘

𝑾𝑒𝑿 ℎ𝜃 ∙

𝑺𝒁

How to transform the ISTA to a neural network?



LISTA:

Time-unfolded version of the ISTA block diagram, truncated

to a fixed number of iterations

𝒁 𝑘+1 = ℎ𝜃 𝑾𝑒𝑿 + 𝑺𝒁 𝑘

𝑾𝑒𝑿

𝑺𝒁 𝑘𝒁 𝑘

ℎ𝜃 ∙

𝒁 𝑘+1

Learnable parameters: 𝑾𝑒 , 𝑺 and 𝜃



LISTA: 𝒁 𝑘+1 = ℎ𝜃 𝑾𝑒𝑿 + 𝑺𝒁 𝑘

Let 𝑾 = (𝑾𝑒 , 𝑺, 𝜃), and the LISTA as 𝒁 = 𝑓𝑒(𝑿,𝑾).

Loss function: the squared error between the predicted code and

the optimal code averaged over a training set 𝑿1, … , 𝑿𝑃

𝐿(𝑾) =
1

𝑃


𝑝=1

𝑃

𝐿 𝑾,𝑿𝑝 with

𝐿 𝑾,𝑿𝑝 =
1

2
||𝒁∗𝑝 − 𝑓𝑒 𝑾,𝑿𝑝 ||2

2



More interestingly LISTA is stupendously

better than FISTA: It takes 18 iterations of

FISTA to reach the same error obtained

with 1 iteration of LISTA for m = 100, and

35 iteration for m = 400.

Numerical results:

Baseline encoder:
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Compressive sensing magnetic resonance imaging (MRI):

ෝ𝒙 = argmin
𝒙

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝑫𝑙𝒙

𝒙 ∈ 𝐶𝑁: the MRI image to be reconstructed

𝒚 ∈ 𝐶𝑁
′
(𝑁′ < 𝑁): the under-sampled k-space data

𝑨 = 𝑷𝑭 ∈ 𝐶𝑁
′×𝑁: the measurement matrix (𝑷 the under-sampling matrix, and 𝑭 the 

Fourier transform matrix)

𝑫𝑙: the transform matrix for a filtering operation, e.g., discrete wavelet transform, 

discrete cosine transform, etc.

𝑔 ∙ : the regularization function derived from the data prior, e.g., 𝑙1-norm, 𝑙𝑝-norm

𝜆𝑙: the regularization parameter 



General CS-MRI model:

ෝ𝒙 = argmin
𝒙

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝑫𝑙𝒙

Challenge

• How to choose an optimal image transform

domain/subspace and the corresponding

sparse regularization?

• How to determine the optimal parameters?



ADMM algorithm[1]:

[1] Boyd S, Parikh N, Chu E. Distributed optimization and statistical learning via the alternating 

direction method of multipliers [M]. Now Publishers Inc, 2011.

Introducing auxiliary variables 𝒛 = 𝒛1, 𝒛2, ⋯ , 𝒛𝐿

ෝ𝒙 = argmin
𝒙

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝑫𝑙𝒙

min
𝒙,𝒛

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝒛𝑙

s.t. 𝒛𝑙 = 𝑫𝑙𝒙, ∀𝑙 ∈ [1,2,⋯ , 𝐿]

Its augmented Lagrangian function is

ℒ𝜌(𝒙, 𝒛, 𝜶) =
1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝒛𝑙 −

𝑙=1

𝐿

𝜶𝑙 , 𝒛𝑙 −𝑫𝑙𝑥 +

𝑙=1

𝐿
𝜌𝑙
2
||𝒛𝑙 −𝑫𝑙𝒙||2

2

𝛂 = {𝛂𝑙} the Lagrangian multipliers

𝜌 = 𝜌𝑙 the penalty parameters



ℒ𝜌(𝒙, 𝒛, 𝜶) =
1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝒛𝑙 −

𝑙=1

𝐿

𝜶𝑙 , 𝒛𝑙 −𝑫𝑙𝑥 +

𝑙=1

𝐿
𝜌𝑙
2
||𝒛𝑙 −𝑫𝑙𝒙||2

2

ADMM alternatively optimizes {𝒙, 𝒛, 𝜶} by solving the three subproblems

𝒙 𝑛+1 = argmin
𝒙

1

2
||𝑨𝒙 − 𝒚||2

2 −

𝑙=1

𝐿

𝜶𝑙
𝑛
, 𝒛𝑙

𝑛
−𝑫𝑙𝑥 +

𝑙=1

𝐿
𝜌𝑙
2
||𝒛𝑙

𝑛
−𝑫𝑙𝒙||2

2

𝒛 𝑛+1 = argmin
𝒛



𝑙=1

𝐿

𝜆𝑙𝑔 𝒛𝑙 −

𝑙=1

𝐿

𝜶𝑙
𝑛
, 𝒛𝑙 −𝑫𝑙𝒙

𝑛+1 +

𝑙=1

𝐿
𝜌𝑙
2
||𝒛𝑙 − 𝑫𝑙𝒙

𝑛+1 ||2
2

𝜶 𝑛+1 = argmin
𝜶



𝑙=1

𝐿

𝜶𝑙 , 𝑫𝑙𝒙
𝑛+1 − 𝒛𝑙

𝑛+1



ADMM procedure: ෝ𝒙 = argmin
𝒙

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝑫𝑙𝒙

𝜷𝑙 = 𝜶𝑙/𝜌𝑙: the scaled Lagrangian multiplier

𝑆 ∙ : the nonlinear shrinkage function, e.g., soft or hard thresholding function

corresponding to the sparse regularization of 𝑙1-norm and 𝑙0-norm, respectively

𝜂𝑙: the update rate

𝐗 𝐧 : 𝒙 𝑛 = 𝑭𝑇 𝑷𝑇𝑷 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑫𝑙
𝑇𝑫𝑙𝑭

𝑇

−1

𝑷𝑇𝒚 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑫𝑙
𝑇 𝒛𝑙

𝑛−1
− 𝜷𝑙

𝑛−1

𝐙 𝐧 : 𝒛𝑙
𝑛
= 𝑆 𝑫𝑙𝑥

𝑛 + 𝜷𝑙
𝑛−1

; Τ𝜆𝑙 𝜌𝑙

𝐌 𝐧 : 𝜷𝑙
𝑛
= 𝜷𝑙

𝑛−1
+ 𝜂𝑙 𝑫𝑙𝒙

𝑛 − 𝒛𝑙
𝑛



ADMM procedure: ෝ𝒙 = argmin
𝒙

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝑫𝑙𝒙

𝐗 𝐧 : 𝒙 𝑛 = 𝑭𝑇 𝑷𝑇𝑷 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑫𝑙
𝑇𝑫𝑙𝑭

𝑇

−1

𝑷𝑇𝒚 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑫𝑙
𝑇 𝒛𝑙

𝑛−1
− 𝜷𝑙

𝑛−1

𝐙 𝐧 : 𝒛𝑙
𝑛
= 𝑆 𝑫𝑙𝑥

𝑛 + 𝜷𝑙
𝑛−1

; Τ𝜆𝑙 𝜌𝑙

𝐌 𝐧 : 𝜷𝑙
𝑛
= 𝜷𝑙

𝑛−1
+ 𝜂𝑙 𝑫𝑙𝒙

𝑛 − 𝒛𝑙
𝑛

• It is challenging to choose the transform 𝑫𝑙 and shrinkage function

𝑆 ∙ for general regularization function 𝑔 ∙

• It is also not trivial to tune the parameters 𝜌𝑙 and 𝜂𝑙 for k-space data

with different sampling ratios



Deep ADMM-Net:
𝐗 𝐧 : 𝒙 𝑛 = 𝑭𝑇 𝑷𝑇𝑷 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑫𝑙
𝑇𝑫𝑙𝑭

𝑇

−1

𝑷𝑇𝒚 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑫𝑙
𝑇 𝒛𝑙

𝑛−1 − 𝜷𝑙
𝑛−1

𝐙 𝐧 : 𝒛𝑙
𝑛 = 𝑆 𝑫𝑙𝑥

𝑛 + 𝜷𝑙
𝑛−1 ; Τ𝜆𝑙 𝜌𝑙

𝐌 𝐧 : 𝜷𝑙
𝑛 = 𝜷𝑙

𝑛−1 + 𝜂𝑙 𝑫𝑙𝒙
𝑛 − 𝒛𝑙

𝑛

• Reconstruction operation 𝑿(𝑛)

• Convolution operation 𝑪(𝑛) defined by 𝑫𝑙𝒙
(𝑛)

𝑙=1

𝐿

• Nonlinear transform operation 𝒁(𝑛) defined by 𝑆 ∙

• Multiplier update operation 𝑴(𝑛)



Deep ADMM-Net — Reconstruction layer 𝑿(𝑛):

ADMM update formula: 𝒙 𝑛 = 𝑭𝑇 𝑷𝑇𝑷 + σ𝑙=1
𝐿 𝜌𝑙𝑭𝑫𝑙

𝑇𝑫𝑙𝑭
𝑇 −1

𝑷𝑇𝒚 + σ𝑙=1
𝐿 𝜌𝑙𝑭𝑫𝑙

𝑇 𝒛𝑙
𝑛−1

− 𝜷𝑙
𝑛−1

𝒙 𝑛 = 𝑭𝑇 𝑷𝑇𝑷 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑯𝑙
𝑇𝑯𝑙𝑭

𝑇

−1

𝑷𝑇𝒚 +

𝑙=1

𝐿

𝜌𝑙𝑭𝑯𝑙
𝑇 𝒛𝑙

𝑛−1
− 𝜷𝑙

𝑛−1

𝑯𝑙: the l-th filter

First stage update:

𝒙 1 = 𝑭𝑇 𝑷𝑇𝑷+

𝑙=1

𝐿

𝜌𝑙
1
𝑭𝑯𝑙

(1)𝑇
𝑯𝑙

1
𝑭𝑇

−1

𝑷𝑇𝒚



Deep ADMM-Net — Convolution layer 𝑪(𝑛):

Transform an image into transform domain

𝒄𝑙
𝑛
= 𝑫𝑙

𝑛
𝒙 𝑛

𝑫𝑙: a learnable filter matrix in stage n

• Note that the filters 𝑯𝑙 and 𝑫𝑙 do not be constrained to be the same to 

increase the network capacity

ADMM update formula: 𝒛𝑙
(𝑛)

= 𝑆 𝑫𝑙𝑥
(𝑛) + 𝜷𝑙

(𝑛−1)
; 𝜆𝑙/𝜌𝑙



Deep ADMM-Net — Nonlinear transform layer 𝒁(𝑛):

Learn more general function using piecewise linear function

ADMM update formula: 𝒛𝑙
(𝑛)

= 𝑆 𝑫𝑙𝑥
(𝑛) + 𝜷𝑙

(𝑛−1)
; 𝜆𝑙/𝜌𝑙

𝒛𝑙
𝑛
= 𝑆𝑃𝐿𝐹 𝒄𝑙

𝑛
+ 𝜷𝑙

𝑛−1
; 𝑝𝑖 , 𝑞𝑙,𝑖

𝑛

𝑖=1

𝑁𝑐

𝑆𝑃𝐿𝐹 𝑎; 𝑝𝑖 , 𝑞𝑙,𝑖
𝑛

𝑖=1

𝑁𝑐
=

𝑎 + 𝑞𝑙,1
𝑛
− 𝑝1, 𝑎 < 𝑝1,

𝑎 + 𝑞𝑙,𝑁𝑐
𝑛

− 𝑝𝑁𝑐 , 𝑎 > 𝑝𝑁𝑐 ,

𝑞𝑙,𝑘
𝑛
+

𝑎 − 𝑝𝑘 𝑞𝑙,𝑘+1
𝑛

− 𝑞𝑙,𝑘
𝑛

𝑝𝑘+1 − 𝑝𝑘
, 𝑝1 ≤ 𝑎 ≤ 𝑝𝑁𝑐 ,

𝑘 =
𝑎 − 𝑝1
𝑝2 − 𝑝1

𝑝𝑖 𝑖=1
𝑁𝑐 : the predefined positions uniformly 

located within [−1,1]

𝑞𝑙,𝑖
𝑛

𝑖=1

𝑁𝑐
: the values at these positions for 

l-th filter in n-th stage



Deep ADMM-Net — Multiplier update layer 𝑴(𝑛):

ADMM update formula: 𝜷𝑙
𝑛
= 𝜷𝑙

𝑛−1
+ 𝜂𝑙 𝑫𝑙𝒙

𝑛 − 𝒛𝑙
𝑛

Lagrangian multiplier updating procedure

𝜂𝑙
𝑛 : a learnable parameter

𝜷𝑙
𝑛
= 𝜷𝑙

𝑛−1
+ 𝜂𝑙

𝑛 𝒄𝑙
𝑛 − 𝒛𝑙

𝑛



Network parameters and training:

• Reconstruction layer 𝑿(𝑛): 𝒙 𝑛 = 𝑭𝑇 𝑷𝑇𝑷 + σ𝑙=1
𝐿 𝜌𝑙𝑭𝑯𝑙

𝑇𝑯𝑙𝑭
𝑇 −1

𝑷𝑇𝒚 + σ𝑙=1
𝐿 𝜌𝑙𝑭𝑯𝑙

𝑇 𝒛𝑙
𝑛−1

− 𝜷𝑙
𝑛−1

• Convolution layer 𝑪(𝑛): 𝒄𝑙
𝑛
= 𝑫𝑙

𝑛
𝒙 𝑛

• Nonlinear transform layer 𝒁(𝑛): 𝒛𝑙
𝑛
= 𝑆𝑃𝐿𝐹 𝒄𝑙

𝑛
+ 𝜷𝑙

𝑛−1
; 𝑝𝑖 , 𝑞𝑙,𝑖

𝑛

𝑖=1

𝑁𝑐

• Multiplier update layer 𝑴(𝑛): 𝜷𝑙
𝑛
= 𝜷𝑙

𝑛−1
+ 𝜂𝑙

𝑛 𝒄𝑙
𝑛 − 𝒛𝑙

𝑛

𝐸(Θ) =
1

|Γ|


𝑦,𝑥𝑔𝑡 ∈Γ

|| ො𝑥(𝑦, Θ) − 𝑥𝑔𝑡||2
2

||𝑥𝑔𝑡||2
2





Expansion:

ADMM-CSNet[1]: introduce auxiliary variable 𝒛 = 𝒙

ADMM-Net: introduce auxiliary variables 𝒛 = 𝒛1, 𝒛2, ⋯ , 𝒛𝐿

min
𝒙,𝒛

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝒛𝑙

s.t. 𝒛𝑙 = 𝑫𝑙𝒙, ∀𝑙 ∈ [1,2,⋯ , 𝐿]

ෝ𝒙 = argmin
𝒙

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝑫𝑙𝒙

[1] Yang Y, Sun J, Li H, et al. ADMM-CSNet: A deep learning approach for image compressive

sensing [J]. IEEE transactions on pattern analysis and machine intelligence, 2018, 42(3): 521-538.

min
𝒙,𝒛

1

2
||𝑨𝒙 − 𝒚||2

2 +

𝑙=1

𝐿

𝜆𝑙𝑔 𝑫𝑙𝒛

s.t. 𝒛 = 𝒙



CVPR 2018



Contributions:

• A novel ISTA-Net, which adopts the structure of ISTA

update steps to design a learnable deep network

manifestation

• By exploiting CS realm in the residual domain, an

enhanced version ISTA-Net+ is derived to further

improve CS performance

• The proximal mapping problem associated to a nonlinear

sparsifying transform is solved in a general and efficient

way



CS reconstruction problem:

min
𝒙

1

2
||𝚽𝐱 − 𝐲||2

2 + 𝜆||𝚿𝐱||1

ISTA algorithm[1] procedure:

𝒓 𝑘 = 𝒙 𝑘−1 − 𝜌𝚽⊤ 𝚽𝒙 𝑘−1 − 𝒚

𝒙(𝑘) = argmin
𝒙

1

2
||𝒙 − 𝒓 𝑘 ||2

2 + 𝜆||𝚿𝐱||1

[1] I. Daubechies, M. Defrise, and C. D. Mol, An iterative thresholding algorithm for linear inverse

problems with a sparsity constraint, Comm. Pure Appl. Math., 57 (2004), pp. 1413–1457.

prox𝜆𝜙( 𝒓) = argmin
𝒙

1

2
||𝒙 − 𝒓||2

2 + 𝜆𝜙(𝒙)



𝒙(𝑘) = argmin
𝒙

1

2
||𝒙 − 𝒓 𝑘 ||2

2 + 𝜆||𝚿𝒙||1

• Inspired by the powerful representation power of CNN and its 

universal approximation property

ℱ 𝒙 = 𝚿𝒙

ℱ ∙ as a combination of two linear convolutional operators 

separated by a ReLU function

• Then

𝒙(𝑘) = argmin
𝒙

1

2
||𝒙 − 𝒓 𝑘 ||2

2 + 𝜆||ℱ 𝒙 ||1



ISTA-Net framework:
𝒙(𝑘) = argmin

𝒙

1

2
||𝒙 − 𝒓 𝑘 ||2

2 + 𝜆||ℱ 𝒙 ||1

𝒓 𝑘 = 𝒙 𝑘−1 − 𝜌𝚽⊤ 𝚽𝒙 𝑘−1 − 𝒚

• 𝒓(𝑘) module

• 𝒙(𝑘) module



ISTA-Net — 𝒓(𝑘) Module: 𝒓 𝑘 = 𝒙 𝑘−1 − 𝜌𝚽⊤ 𝚽𝒙 𝑘−1 − 𝒚

𝒓 𝑘 = 𝒙 𝑘−1 − 𝜌(𝑘)𝚽⊤ 𝚽𝒙 𝑘−1 − 𝒚

To preserve the ISTA structure while increasing network

flexibility, the step size 𝜌 is allowed to vary across

iterations



ISTA-Net — 𝒙(𝑘) Module: 𝒙(𝑘) = argmin
𝒙

1

2
||𝒙 − 𝒓 𝑘 ||2

2 + 𝜆||ℱ 𝒙 ||1

• Note that 𝒓(𝑘) is the immediate reconstruction result of 𝒙(𝑘)

• Thus, 𝒙(𝑘) − 𝒓(𝑘) follows an independent normal distribution with 

common zero mean and variance 𝜎2

• Approximation (Theorem 1):

• Equivalent transformation

𝒙(𝑘) = argmin
𝒙

1

2
||ℱ(𝒙) − ℱ 𝒓 𝑘 ||2

2 + 𝜃||ℱ 𝒙 ||1

||ℱ(𝒙) − ℱ 𝒓 𝑘 ||2
2 ≈ 𝛼||𝒙 − 𝒓 𝑘 ||2

2



ISTA-Net — 𝒙(𝑘) Module:

• Then, we get a closed-form version of ℱ 𝒙 𝑘

𝒙(𝑘) = argmin
𝒙

1

2
||ℱ(𝒙) − ℱ 𝒓 𝑘 ||2

2 + 𝜃||ℱ 𝒙 ||1

ℱ 𝒙 𝑘 = soft ℱ 𝒓 𝑘 , 𝜃

• Motivated by the invertible characteristics of the wavelet 

transform, the left inverse of ℱ(∙) may be introduced, such that 

෨ℱ ∘ ℱ = 𝐼, yielding

𝒙 𝑘 = ෨ℱ soft ℱ 𝒓 𝑘 , 𝜃



Parameters in ISTA-Net:

• 𝒓(𝑘) module: 𝒓 𝑘 = 𝒙 𝑘−1 − 𝜌(𝑘)𝚽⊤ 𝚽𝒙 𝑘−1 − 𝒚

• 𝒙(𝑘) module: 𝒙 𝑘 = ෨ℱ soft ℱ 𝒓 𝑘 , 𝜃



Loss function design:

ℒtotal (𝚯) = ℒdiscrepancy + 𝛾ℒconstraint

with: 
ℒdiscrepancy =

1

𝑁𝑏𝑁
σ𝑖=1
𝑁𝑏 ||𝒙

𝑖

𝑁𝑝 − 𝒙𝑖||2
2

ℒconstraint =
1

𝑁𝑏𝑁
σ
𝑖=1
𝑁𝑏 σ

𝑘=1

𝑁𝑝 || ෨ℱ 𝑘 ℱ 𝑘 𝒙𝑖 − 𝒙𝑖||2
2

• The training data pairs 𝒚𝑖 , 𝒙𝑖 𝑖=1
𝑁𝑏 , and 𝛾 = 0.01

Reconstruction error

Invertible error



Enhanced version ISTA-Net+:

• Based on the fact that the residuals of natural images and videos are 

more compressible

• Assume that 𝒙(𝑘) = 𝒓(𝑘) +𝒘(𝑘) + 𝒆(𝑘), where 𝒆(𝑘) denotes some noise

• 𝒘(𝑘) denotes some missing high-frequency component, which may 

be extracted by a linear operator 𝒘(𝑘) = ℛ 𝒙(𝑘) = 𝒢 ∘ 𝒟 𝒙(𝑘)

• By modeling ℱ ∙ = ℋ ∘ 𝒟

𝒙(𝑘) = argmin
𝒙

1

2
||ℱ(𝒙) − ℱ 𝒓 𝑘 ||2

2 + 𝜃||ℱ 𝒙 ||1

min
𝒙

1

2
||ℋ(𝒟(𝒙)) −ℋ 𝒟 𝒓 𝑘 ||2

2 + 𝜃||ℋ 𝒟 𝒙 ||1 ⟹ 𝒙 𝑘 ⟹ 𝒙(𝑘) = 𝒓(𝑘) +ℛ 𝒙(𝑘)

𝒙 𝑘 = 𝒓 𝑘 + 𝒢 ෩ℋ soft ℋ 𝒟 𝒓 𝑘 , 𝜃



Parameters in ISTA-Net+:

• 𝒓(𝑘) module: 𝒓 𝑘 = 𝒙 𝑘−1 − 𝜌(𝑘)𝚽⊤ 𝚽𝒙 𝑘−1 − 𝒚

• 𝒙(𝑘) module: 𝒙 𝑘 = 𝒓 𝑘 + 𝒢 ෩ℋ soft ℋ 𝒟 𝒓 𝑘 , 𝜃

skip connections (coincide with Res-Net)



ISTA-Net v.s. ISTA-Net+:





TMI 2021



Contributions:

• In FISTA-Net, the gradient matrix is learned by substituting

the fixed classic gradient throughout iterations

• The core parameters of FISTA-Net, e.g., the step size,

thresholding values, are regularized to converge properly

• A momentum module is added in FISTA-Net to accelerate

convergence



FISTA algorithm[1]:

[1] A fast iterative shrinkage-thresholding algorithm for linear inverse problems [J]. SIAM journal on 

imaging sciences, 2009, 2(1): 183-202.

𝒙 𝑘 = 𝒯𝛼 𝒚 𝑘 − 𝜇𝐀𝑇 𝐀𝒚 𝑘 − 𝐛

𝑡 𝑘+1 =
1 + 1 + 4 𝑡 𝑘 2

2

𝒚 𝑘+1 = 𝒙 𝑘 +
𝑡 𝑘 − 1

𝑡 𝑘+1
𝒙 𝑘 − 𝒙 𝑘−1

Sparse representation: ෝ𝒙ℱ𝑙1 = argmin
𝒙

||𝐀𝒙 − 𝐛||2
2 + 𝜆||ℱ 𝒙 ||1

FISTA-Net:

• Gradient descent module

𝒓 𝑘 = 𝒚 𝑘 − 𝐖 𝑘 𝑇
𝐀𝒚 𝑘 − 𝐛

• Proximal mapping module

𝒙 𝑘 = 𝒯𝜃 𝑘 𝒓 𝑘

• Momentum module

𝒚 𝑘+1 = 𝐱 𝑘 + 𝜌 𝑘 𝒙 𝑘 − 𝒙 𝑘−1



FISTA-Net — Gradient descent module 𝒓 𝑘 :

𝒓 𝑘 = 𝒚 𝑘 − 𝐖 𝑘 𝑇
𝐀𝒚 𝑘 − 𝐛

𝐖 𝑘 can be decomposed as the product of a scalar 𝜇(𝑘) and 

a matrix ෩𝐖 independent of layer index k[1]: 𝐖(𝑘) = 𝜇(𝑘) ෩𝐖

The matrix ෩𝐖 is pre-computed by solving

[1] Liu J, Chen X. ALISTA: Analytic weights are as good as learned weights in LISTA [C]//International 

Conference on Learning Representations (ICLR). 2019.

෩𝐖 ∈ argmin
𝐖∈ℝ𝑁×𝑀

||𝐖𝑇𝐀||𝐹
2

s.t. 𝐖:,𝑚
𝑇
𝐀:,𝑚 = 1, ∀𝑚 = 1,2,⋯ ,𝑀



FISTA-Net — Proximal mapping module 𝒙 𝑘 :

𝒙 𝑘 = 𝒯𝜃 𝑘 𝒓 𝑘

• Similar to ISTA-Net

• Linear convolutional + ReLU

• Invertible operation



FISTA-Net — Momentum module 𝒚 𝑘+1 :

𝒚 𝑘+1 = 𝐱 𝑘 + 𝜌 𝑘 𝒙 𝑘 − 𝒙 𝑘−1

• Accelerated by introducing a momentum term



FISTA-Net — Parameter constraints:

• ISTA-Net could possibly generate non-positive step 

size and thresholding values during iteration, which 

contradicts the definition of these variables

𝜇 𝑘 = 𝑠𝑝 𝑤1𝑘 + 𝑐1 , 𝑤1 < 0

𝜃 𝑘 = 𝑠𝑝 𝑤2𝑘 + 𝑐2 , 𝑤2 < 0

𝜌 𝑘 =
𝑠𝑝 𝑤3𝑘 + 𝑐3 − 𝑠𝑝 𝑤3 + 𝑐3

𝑠𝑝 𝑤3𝑘 + 𝑐3
, 𝑤3 > 0

where the softplus function 𝑠𝑝(𝑥) = ln(1 + exp(𝑥)) and 𝜌(𝑘) ∈ (0,1)



FISTA-Net framework:



FISTA-Net Loss Function:

ℒtsf = 𝜆1ℒsym + 𝜆2ℒspa

= 𝜆1

𝑘=1

𝑁𝑠

|| ෨ℱ ℱ 𝒓 𝑘 − 𝒓 𝑘 ||2
2 + 𝜆2 

𝑘=1

𝑁𝑠

||ℱ 𝒓 𝑘 ||1

ℒtotal = ℒmse + 𝜆1ℒsym + 𝜆2ℒspa

ℒmse = ||𝒙𝑁𝑠 − 𝒙𝑔𝑡||2
2

with
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